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Abstract 

Let V : [0, T] x 11*^ — R be the solution of the paraboHc backward 
equation dtv+{l/2)Y,i^i['^'^'^]iidxidxiV+^-bidxiV+kv = with termi- 
nal condition g, where the coefficients are time- and state-dependent, 
and satisfy certain regularity assumptions. Let X = {Xt)t£[o,T] be the 
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associated R'^- valued diffusion process on some appropriate {^,J-, Q). 
For p G [2, oo) and a measure dP = ArdQ, where At satisfies the 
Muckenhoupt condition Aa for a S we relate the behavior of 

||ff(XT)-E^'5(^T)||L,(P), \\Vv{t,Xt)\\L,(P) and \\DMt, Xt)\\L,iP) ^ 
each other, where D^v := {dxidxiv)i^i is the Hessian matrix. 



1 Introduction 

For a fixed time-horizon T > let {fl,J^, {J^t)te[o,T], Q) be a filtered proba- 
bility space where {fl,J-',Q) is complete, J-" = J-r, the filtration (J^t)te[o,T] 
is right-continuous, J^o is generated by the null sets of J-' and where all lo- 
cal martingales are continuous (see Section |2]). Assume for some d > 1 
that the process B = (i?f)jg[o,T] is a (i-dimensional (J-j)tg[o,T] -standard Brow- 
nian motion starting in zero. We consider an R'^-valued diffusion process 
X = {Xt)te[o,T], solution to the stochastic differential equation 

Xt = xo+ [ a{s,Xs)dBs+ f b{s,Xs)ds 
Jo Jo 

for some smooth bounded coefficients b and a, and we focus on the rate of 
convergence of 

R^it) := \\giXT)-n9iXT)\mp 

for p G [2, oo) as t — )■ T, where g satisfies a suitable growth condition ensuring 
g{XT) G Lp. The behavior of Rp{t) as t — > T is a measure of the fractional 
smoothness of g, see [1] for an overview. Actually it is now well-known 
[3], m [TOl |5] that there is a precise correspondence between the irregularity of 
the terminal function g and the time-singularity of the Lp-norms of Vv{t, Xt) 
as 1 1 ^ where 

vit,x) = M{g{XT)\Xt = x). 

The aim of this paper is to extend these quantitative equivalence results to 
situations where the Lp-norms are computed under different measures. The 
theory of probabilistic Muckenhoupt weights, developed as a counterpart to 
the deterministic ones from [11] and other papers, gives a natural way to 
extend various martingale inequalities to equivalent measures, see exemplary 
[T2l [H [13] and the references therein. A typical situation is a change of 
measure initiated by a Girsanov transformation, i.e. a change of the drift of 
X. Applying the results of this paper in this particular case, gives -without 



2 



going into full details- the following: if the process Y differs from X by 
another bounded drift and if ^ G (0, 1), then we have 

sup {T-ty''^Rl{t) < oo ^ sup {T-t)^^~'^'^\\Vv{t,Yt)\\p < +00 (1) 

iG[0,T) tG[0,T) 

which follows from Theorem [1] below for g = 00 as explained in Remark [2]( 7). 
The parameter 9 is the degree of fractional smoothness. 

Regarding the references in the literature related to ([1]), a 1-dimensional 
diffusion case with X = Y is considered in [5], the extension to multidimen- 
sional processes is performed in [B] in the case X = Y being a Brownian 
motion and in [10] for diffusion processes. In [5] path-dependent functionals 
are considered. For an overview the reader is referred to [Ij. Actually our 
main result (Theorem [1]) takes a more general form than ([1]): 

• we consider an i^g([0, T), ^^)-norm with q G [2, 00] instead of the above 
Loo-norm with respect to t G [0,T); 

• we consider an additional potential factor k in our parabolic problem 
to define v] 

• the change of measure, described in ([1]) by the change from X to Y , is 
described by Muckenhoupt weights; 

• we also state results regarding the second derivatives. 

Applications. The tight control of the behavior of the norms || Vw(t, Xj)||i2 
as t —J- T is an issue that has been raised in [3], where the purpose was 
to analyze discrete approximations of stochastic integrals coming from the 
representation 

giXT)=viO,Xo)+ [ Vv{t,Xt)a{t,Xt)dBt. (2) 
Jo 

Discretizing the above stochastic integral and analyzing the resulting ap- 
proximation error in L2, requires a better understanding how strongly the 
irregularity of the terminal function g transfers to the blow-up of the function 
t (-)■ II Vf(t, Xj) 112,2 and higher derivatives of v as well. Major consequences 
of this analysis are the derivation of tight convergence rates for uniform time 
grids and the design of non-equidistant time grids to obtain optimal conver- 
gence rates. 
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Recently, similar results have been established in the context of Backward 
Stochastic Differential Equations [101 E] to pave the way for the development 
of more efficient numerical schemes. 

Finally, similar issues arise in the analysis of the Delta-Gamma hedging 
strategies in Finance, which typically result in a higher order approxima- 
tion of the stochastic integral ([2]), see [TT] . 

Within the applications in Stochastic Finance intrinsically two measures are 
involved: the historical measure for evaluating the risk, for example as Lp- 
mean, and the risk-neutral measure, under which the price and the hedging 
strategy are computed and which is related to the above function v. For 
this setting, the current results are particularly of interest. Moreover, the 
potential k may be interpreted as an interest rate. 



Notation. We denote by | ■ | the Euclidean norm of a vector. Given a 
matrix C considered as operator C : ^2 ^ ^2 ^ the expression \C\ stands 
for the Hilbert-Schmidt norm and for the transposed of C. The Lp- 
norm (p G [1, 00]) of a random vector Z : Vt ^ R" or a random matrix 
Z -.Vt^ E"^"* is denoted by \\Z\\p = |||^|||Lp. As usual, d^if is the partial 
derivative of the order of an multi- index a (with length |a|) with respect 
to X G W^. The Hessian matrix of a function 79 : R"' i-)- R is abbreviated 
by D'^if and the gradient (as row vector) by V(f. In particular, this means 
that and V always refer to the state variable x G K,'^. If we mention 
that a constant depends on b, a or /c, then we implicitly indicate a possible 
dependence on T and d as well. Finally, letting h : [0,T] x R*^ — )• R"^™' we 
use the notation \\h\\oo := sup^ ^ \h(t, x)\. 

The parabolic PDE. We fix T > and consider the Cauchy problem 



2 Setting 



Cv 

v(T, x) 







on [0, T) X R'^ 



with 



d d 



C:= dt + aij{t, x)dl^^^. + hi{t, x)^^, + k{t, x). 
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where A := {aij)ij = oa^ . The assumptions on the coefficients and g are as 
follows: 

(CI) The functions aij,bi,k are bounded and belong to C°'^([0,T] x R*^) 
and there is some 7 G (0, 1] such that the functions and their state- 
derivatives are 7- Holder continuous with respect to the parabolic metric 
on each compactum of [0, T] x R*^. Moreover, cr is 1/ 2- Holder continuous 
in t uniformly in x. 

(C2) a{t,x) is an invertible d x (i-matrix with supj ,j, \a~^(t,x) \ < +00; 

(C3) the terminal function g : R'^ R is measurable and exponentially 
bounded: for some Kg >0 and G [0, 2) we have 

\9{x)\ < Kgexp{Kg\x\''') for all x G R"^. 

The condition (C2) implies that there exists a. 6 > with {Ax,x) > 

for all X G R"', i.e. the operator C is uniformly parabolic. Under the above 

assumptions there exists a fundamental solution: 

Proposition 1 ([21 Theorem 7, p. 260; Theorem 10, pp. 72-74]). Under the 
assumptions (CI) and (C2) there exists a fundamental solution r(t,x;r, ^) : 
{0 < t < r < T} X R'^ X R'^ — )■ [0, cx)) for C and a constant eg > such that 
/or < |a|+26 < 3 the derivatives D^D\T exist in any order, are continuous, 
and satisfy 

\D:D\T{t,x-T,i)\ < c^{r-t)-'-^^U (3) 

where 'Jg{x) := e~ ^ / {^/27Ts)'^ . 
For 

v{t,x) := [ r(t,x;T,0^?(0^e, 
v{T,x) := g{x), 

and < |a| + 26 < 3 Proposition [T] implies that the derivatives D'^D\v exist 
in any order, are continuous on [0,T) X R"^ and satisfy 

£i; = on [0, T) x R'^, 

\DlD\v{t,x)\ < c{T-t) — ^exp(c|x|"0 

for X G R'^ and t G [0, T), where c > depends at most on (k^. Kg, c^,T). 
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The stochastic differential equation. Let (i?t)fg[o t] be a rf-dimensional 
standard Brownian motion defined on J-", {J^t)t(^[o,T], Q), where {VL,F, (Q) 
is complete, {J^t)te[o,T] is right-continuous, J-" = J-r, J^o is generated by the 
null sets of J-" and where all local martingales are continuous. 

As we work on a closed time-interval we have to explain our understanding 
of a local martingale: we require that the localizing sequence of stopping 
times < Ti < r2 < ■ ■ ■ < T satisfies lim„ Q(r„ = T) = 1. The reason 
for this is that we think about the extension of the filtration constantly 
by J-T to (T, oo) and that all local martingales (7Vf)tg[o,T] (in our setting) 
are extended by Nt to (T, oo). This yields the standard notion of a local 
martingale. However this is not needed explicitly in our paper, we only need 
this implicitly whenever we refer to results about the Muckenhoupt weights 
yl„(Q) from [13]. 

To shorten the notation, we denote sometimes the conditional expectation 
E(.|J^t) by E-^'(.). The process X = {Xt)te[o,T] is given as strong unique 
solution of ^ ^ 

Xt = xo+ / a{s,X,)dBs+ / b{s,Xs)ds. 
Jo Jo 

Introducing the standing notation 

:= efo>'('-'^r)dr ._ x^v{t,Xt), 

Ito's formula implies, for t G [0,T), that 



Mt = v{0,Xo) + 

Moreover, 



/ K^Vv{s,XMs,X,)dB,. (4) 
Jo 



lim Mt = MT and \imv(t, XA = q(XT) (5) 

almost surely and in any Lr(Q) with r G [l,oo). Using Proposition [1] for 
k = we also have 



Qi\Xt - xo\ > A) < cexp - 



A^ 



for all A > and t G [0, T], where c > depends at most on (a, b) and is, in 
particular, independent from the starting value xq G R'^. It directly implies 
that 

g{XT)e fl Lr{Q) 

rG[l,oo) 
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so that Remark [T] applies as well. We will also use the following 

Lemma 1 ([H], [IHl Proof of Lemma 1.1], [3 Remark 3 in Appendix B]). 
Let t G (0,T], h : R'^ — t- R 5e a Borel function satisfying (C3) and Fx be the 
transition density of X , i.e. the function F from Proposition IJ\ in the case 
k = 0. Define 

H{s,x):= Txis,x;t,^)h{Od^ for (s, x) G [0, t) x R*^. 

Forr G [0,t) andx G R"^ let (Zu)ug[,. f] be the diffusion based on (c, 6) starting 
in X defined on some (M, {Qu)u£[r,t]^ equipped with a standard {Qu)u(^[r,t]- 
Brownian motion, where {M,Q,fi) is complete, {Qu)u£[r,t] is right- continuous 
and Qr is generated by the null sets of Q . Then, for q G (1, oo) and s G [r, t), 
one has a.s. that 

1^^. 7^1 . [E(|/z(Z,)-E(MZ,)|g.)ng.)]i 
\\H[s,Zs)\ < Kg 



\D^H(s,Z,)\ < K 



{t-s)-2 

[E(|/i(Z,)-E(/i(Z,)|g,)ng,)]. 
t-s 



where Kg > depends at most on (a, 6, q) . 

Conditions on the equivalent measure. In addition to the given mea- 
sure (Q we will use an equivalent measure P ~ Q and agree about the fol- 
lowing standing assumption: 

(P) There exists a martingale Y = (Fjfgp^r] with Yq = such that 

A, := S{Y)t = e^*"^<^>* for t G [0, T] 

is a martingale and 

Definition 1. Assume that condition (P) is satisfied. 

(i) For a G (1, oo) we say that Ay G Aq(Q) provided that there is a constant 
c > such that for all stopping times r : f2 — )■ [0, T] one has that 

A 

I \J^T \ <c a.s. 
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(ii) For f3 G (1, oo) we let Ay G TZHpi^Q) provided that there is a constant 
c > such that for all stopping times t : Q [0,T] one has that 

EqdATl'^l-Fr)^ < cA, a.s. 

The class ^^(Q) is the probabihstic variant of the Muckenhoupt condition 
and TZH stands for reverse Holder inequality. Next we need 

Definition 2. A martingale Z = {Zt)t&[o,T] is called BMO -martingale pro- 
vided that Zq = and there is a c > such that for all stopping times 
r : f2 — > [0,T] one has that 

E^dZr-^rH-Tv) as. 

It is known [T5| Theorems 2.3] that {e^''~^^^'^'')te[o,T] is a martingale provided 
that Z is a BMO-martingale. 

Proposition 2 ( |13[ Theorems 2.4 and 3.4]). Under condition (P) the fol- 
lowing assertions are equivalent: 

(i) Y is a BMO-martingale. 

(ii) S{Y) G Aa{Q) for some a G (1, oo). 

(iii) S{Y) G 7^H/3(Q) for some (3 G (1, oo). 

Remark 1. Under the assertions of Proposition\^we have that Ar G Lp[<^) 
and 1/\t G Lq,'(P) with 1 = (1/a) + (!/«') so that 

n ^r((Q)= n LA¥). 

rS[l,oo) re[l,oo) 

Proposition 3 ( |13l Theorems 2.3 and 3.19]). Let Y he a BMO-martingale 
so that (P) is satisfied. For all p G (0, oo) there is a bp(P) > such that for 
all <Q-martingales N with No = one has that 

^iiiv;iiL,(P) < \\^ANhKiJP) < MmmLAJP) 

where := sup,g[o,t] l^^l- 
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An inequality. Given a probability space (M, with a sub-o" algebra 
^ C S and Z G L^iM^ S, /i) with p G [1, oo] we have that 

\\\Z~ ^{Z\Q)\\, < inf \\Z-Z'\\,<\\Z- nmWp- (6) 
2 z'eLp{M,g,ti) 



3 The result 

In the following 6 G (0, 1] will be the main parameter of the fractional smooth- 
ness. Additionally, we introduce a fine-tuning parameter g G [2, oo] and 

for a measurable function h : [0,T) — ?■ R. The aim of this paper is to prove 
the following result: 

Theorem 1. Let p G [2,oo), a G {l,p) and Xt G Aa{Q,), and assume 
that (CI), (C2) and (P) are satisfied. Then, for 6 G (0,1), q G [2,oo], 
a measurable function g : R'^ — ?■ K, satisfying (C3) anc? (iP = A^c^Q i/ie 
following assertions are equivalent: 

(ie) %(^iT-tyl\\g{XT)-Epg{XT)\\L,ijP)) < +oo. 
(iie) ((r-t)V||Vi;(t,At)|U,(P)) <+oo. 

(iii,) ((T-t)^||D2^(t,A,)||L,(P)) <+oo. 



Remark 2. (1) Using [131 Corollary 3.3] it is sufficient to require that At G 
Ap{Q) as in this case there is an e G {0,p — 1) such that A^ G Ap_^{Q). 
One the other hand, it would be of interest to investigate the case when 
Xt G Aa(Q) with a > p. This is not done here. 

(2) Examples of functions g such that {ie) is satisfied are given for example 
in [31 El mis]. 

(3) In the case X = B,'P = (Q, T = l and k = the conditions of Theorem 
[1] (neglecting the boundedness condition (C3)) are equivalent to that g 
belongs to the Malliavin Besov space ^ on R*^ weighted by the standard 
Gaussian measure (see [S]). 
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(4) The case 6=1 and g e [2, cxd) is not considered in Theorem [T] because 
it yields to pathologies: Let X = B,'P = Q, T = l and k = 0. Con- 
dition (ii) implies (iii) by Lemma [3] below. Moreover, condition (iii) 
and the monotonicity of WVv^t, Bt)\\Lp{p) ((Vw(t, -Bt))tg[o,i) is a martin- 
gale in this case) imply that that Vv{t, Bt) = a.s. so that g{Bi) is 
almost surely constant (for example, one can use g{Bi) = ]Ei{g{Bi)) + 

y Vv{t,B,)dB,). 

(5) As the process M = (Mf)jg[o,T] with Mt = Kfv(t,Xt) is a martingale 
under Q it is natural to consider condition (i^) for the corresponding 
martingale under P as well: 



[i',) $5 ((r-t)-f||MT-E^'MT|U^(p)) <+oo. 



One can easily check that (ig) <^=^ (ig) for 9 G (0,1] and q G [l,oo]: 
Indeed, for any random variables U and V, respectively bounded and in 
Lp(P), observe that 

||f/V-E^'(t/\/)|U,(P) 
< ||[^ - E^*t/]l^||, + ||E^'(t/)[r - E^^V] 



Lp(p) ' ll-P n- • JllLp(P) 



+ \\lEpiU[Mi^iV)-V]) 
< \\[U- E^'t/]V|U^(p) + 2\\U\U\V - E^'VlU^(p). 

For f/ := e^o >'^^'^r)dr ^nd 1/ := giXr) we have 

\U - E^'U\ < 2||A;||oo(T - t)e"'^ll°°^ 

and obtain 



Lp(P) 



|fc|U(T - t)||(7(Xr)|U,(P) + ||(7(Xr) - E^'(7(Xr)|U^(p) 



This proves (ig)^^ (ig). The converse is proved similarly by letting 

U := e-/o^'=('^'^'-)'^'- and V := e^'o ''^'•'^-^'^''g{XT). 

(6) The case 9 = 1 and q = oo. 
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(a) One has (i'^^) <^=^ (iii) =^ (iiii): First we observe that 

$00 ((T - ty"^ (^j^ h{sfds^ ' ) < $oo(/i). (7) 

Then (iii)^ (ii) follows from ^ with h{t) = \\Vv{t, Xt)\\Lp{p) and 
Lemma[71 The implications (i'^)^^ (iii) and (ii)^^ (iiii) follow by 
Lemmas [3] and [61 

(b) The implication (iiii) =^ (hi) is not true in general. Take p = 2, 
q = 00, X = B, F = Q, T = 1, A; = and ci = 1, then the 
counterexample g{x) = a/tVO is discussed in [5]. 

(7) Let (f2, J^, (J^t)tg[o,T]5 P) be a stochastic basis satisfying the usual con- 
ditions, i.e. {fl,J-',¥) is complete, {J^t)te[o,T] is right-continuous, J-q is 
generated by the null-sets of J-" and where we can assume w.l.o.g. that 
J-" = J^T- Assume further that the filtration is obtained as augmentation 
of the natural filtration of a standard (i- dimensional Brownian motion 
jg[o,T] starting in zero. It is known [151 Corollary 1 on p. 187] 
that on this stochastic basis all local martingales are continuous. As- 
sume a progressively measurable (i-dimensional process /3 = {Pt)t£[o,T] 
with supj^ l/3t(i^)| < 00 and consider the unique strong solution of the 
SDE 

Xt = xo+ [ a{s,Xs)dWs+ [ b{s,Xs)ds- [ (5sds. 
Jo Jo Jo 

Letting, 

7s := (r~'^{s,Xs)(3s, 

Bt := Wt - ! isds, 
Jo 

(iQ := (l/AT)rfP, 

we obtain by the Girsanov Theorem that (f2, J-", {J^t)t&[o,T]i Q), (-St)te[o,T] 
and (Xt)t£[o,T] satisfy the assumptions of our paper (i.e. all martingales 
are continuous - which can be checked by expressing the conditional 
expectation under (Q by the conditional expectation under P-, so that 
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local martingales are continuous as well) and that Ay G for all a G 
(1, oo). Hence the passage from Q to P corresponds to adding a drift to 
the diffusion X. 

(8) In the case the drift term in item (7) is Markovian, i.e. (3t = P{t,Xt) for 
an appropriate (3 : [0,T] x R'' — )■ R'^, and if we let Yt := v{t,Xt) and 
:= Vv{t,Xt)(T{t,Xt), then we get the BSDE 

-dYt = [k{t,Xt)Yt + Zta~\t,Xt)l3t]dt-ZtdWt, 
Yt = giXr). 

Then it is proved in [5] under certain conditions the equivalence be- 
tween the following assertions for p G [2, oo), 6 G (0, 1] and polynomially 
bounded g: 

(a) sup,g[o,T)(^ - tyhlgiXr) - E^*((7(Xt))||l,(p) < +oo. 

(b) SUPtg[o,T)(^-^)^ll^i|Up(P) < 

These are the analogues of (ig) and (iig) for g = oo. 

4 Proof of Theorem [T] 

Through the whole section we assume that the condition (P) is satisfied. 
4.1 Preliminaries 

To estimate Lp norms under different measures, the following lemma is useful. 

Lemma 2. For any 1 < a < p < oo, Xt G Aq,(Q), r := U G 

Lp{n,T,F), V G Lrin,T,Q) andc^ > such that [Ej'd^l^)]"^ < c@ 
a.s. we have that 

^^\UV\ < c® [E^l^r]' [Egll^n^ a.s. (8) 
Proof. Letting 1 = ^ + ^ = - + ^ one has a.s. that 

J o p p' a a' 

M^\UV\ = X,M^^i\UV\/XT) 

< A4E^*|t/nF[E^*(|rr'A^^A^^'+^)]?^ 
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T 



< 



□ 



As simple consequences of this lemma for V = 1 , observe that 

||Ej'f/|U^(P) <c®||f/|U^(P) for f/GL,(P). (9) 

In the next step we will estimate Vv{t,Xt) and D'^v{t,Xt) in Lemmas [3] and 
|6] from above by conditional moments of Mj- = K^glXx) and qIXt), and 
extend therefore Lemma [1] to the case k = and allow a change of measure 
by Muckenhoupt weights. 

Lemma 3. For any p G (l,oo), we have a.s. that 



\Vv{t,Xt)\ < CQOJ 



(10) 

where > depends at most on [a, b, k,p). The same estimate holds true 
if the measure (Q is replaced by the measure P with A G ^^(Q) and a G (l,p), 
where the constant c^q^ > might additionally depend on Q (and therefore 
implicitly on a). 

Proof. The statement for P for p G (1, oo) can be deduced from the statement 
for (Q for g G (l,p). Let us fix 1 < g < p < oo, define po := p/q G (1, oo), 
take r G (p'o, oo) and let (3 := For A G A«(Q) with 1 = (1/a) + (1/^) 

we apply Lemma [2] with p replaced by po and get 

(Egizr)'<4 {^P\zry 



and, by ([6]), 

(Eg|Z - Egzr)' < 2 (Eg|Z - E^'Zr)' < 24 (E^l^ - E^'Z^)' 

whenever Z G flreli.oo) -^r(Q) (cf. Remark [1]). Because lim^^oo = Po = 

and the convergence is from above, we can take B to be in (^-,00). 
Sending g to 1 gives that f3 G (^-^^ co^ or a G (l,p). 
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Now we follow a martingale approach (see, for example, [S]) and prove the 
statement for the measure Q. 

(a) We define {'VXt)te[Q t] to be the solution of a linear SDE (see [151 Chapter 
5]): 

VXt = Id + y2 Va,(s,X,)V«S^ + / mis,X,)VXJs 
Jo Jo 

and cr(.) = (cri(.), . . . , crd{-))- This matrix-valued process is a.s. invertible and 
its inverse satisfies 

[VXt]-' = h-Y^ [WX,]-^Va,{s,X,)dBi 

- [\vX,]~\Vb{s,Xs) - V(Va,(s,X,))2)rfs. 

(b) Next we show that (A't)tg[o,T) with 

Nt := KfVv{t, Xt)VXt +( [ Vk{s, X,)VX,ds] 



is a Q-martingale. One way consists in using Ito's formula to verify that 
is a martingale. In fact, the bounded variation term in the Ito-process 
decomposition of is 

/ [K^k{s, Xs)Vvis, Xs)VXs + K^Cs] ds+ [ [Vk{s, X,) VX,M,] ds, 
Jo Jo 

where j^Cgds is the bounded variation term of Vv{t,Xt)VXt. Hence it is 
sufficient to show that 

Cs = -yHs,x,)k{s,Xs)]yXs. 

The PDE for w = Vv on [0, T) x R"' reads as 

^Wi + ^{A.D^w,) + (6, (Vw^f) = ~^{d,^A,D\j) - (9,,6,u;^) - d^Xvk). 

(11) 
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By a simple computation this gives that the bounded variation term of 
(Eti Xt)iVXt)u)te[o,T) computes as - Eti ^(t^ Xj(VX,),,rft and 
step (b) is complete. 

(c) Exploiting the martingale property of between t and some deterministic 
S G (t, T), we have 



(S-t) 



K^Vv{t,Xt)VXt+(^j^ Vk{s,X,)VX,ds^ Mt 



[K^Vv{r,Xr)VXr 



Vk{s,X,)VXsds] Mr]dr 



^ K^Vv{r,Xr)a{r,Xr)dBr ((T(r, X,)" VX,)^rf5, 

+{S-t)Mt [ Vk{s,Xs)VXsds 

Vk{s,Xs)VX,ds 



-Eg ( Ms 



dr 



(12) 



At the last equality, we have used the Q-martingale property of {Mt)te[>:),T] 
and the conditional Ito isometry 



Eg 



S nTN 

A.2 r-dB^ 



E: 



(available for any square integrable and progressively measurable matrix- 
valued processes {Ai r)r and (A2,r)r; having d columns and an arbitrary num- 
ber of rows). After simplifications, fll2p writes 



{S-t)K^Wv{t,Xt)WXt 
it 



Eg I [Ms - M,_ 



-Eg ( Ms 



air.XX^VXrVdBr 



{S - s)Vk{s,Xs)VX,ds 



Using that Ms — )■ M^ in L2(Q) we derive 



{T -t)KfVv{t,X, 
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Ej* I [Mt - M,] 



{a{r,XrY^VXr[\/XtYYdBr 



Finally, observe that sup^g^o.T) suPrg[t,T] (| VX^fVXi]"^!'') is a bounded 
random variable for any g > 1; therefore, standard computations complete 
our assertion. □ 

For the following we let m(t, x) := v{t, x)k{t, x). 

Lemma 4. For < r < t < T and 1 < po < p < oo one has a.s. that 



(Ej|m(t,XO-Ejm(t,X,)ro) 



1 

PO 



< 



Vt^{E^^\M*\Py + (EjlM - M,|»')''ol (13) 



where M* := sup^gjo ^^] \Ms\ and > depends at most on {po,P, cr, b, k). 

Proof, (a) For ^ = ^ + ;i- = ^ + ^ + with rk,Sk,tk G [po,oo], a sub- 
(T-algebra G J^, U_k '■= Ui ■ ■ ■ Uk and Uk '■= Uk - ■ ■ Ujy with U_q := 1 and 
Un+1 ■■= 1, and for U,^^^ G Lt^i^Q), Uk G -^^^^(Q), Uk+i G Lr,^{Q), where 
= 1,...,A^, we get by a telescoping sum argument and the conditional 
Holder inequality that 

(Ejit/i---f/A.-4(f/i---f/^)r)™ 



< 5^(Ej|[E^(f/,„i)]t/fc-E^(t/,)|^'=)^^^ (E^^lUk+.r^)^- 

k=l 

N 

< (E^|[E^(f/,_i)]t/fc - E^(t/,_i)Egj[/,r'=)^ (E^|f7,+ir'')^ 

k=l 

N 

+j2{K\K(^k-imlUk - [E^(f/,)]r^)- (E^|Z7,+ir^-)^ 
fc=i 

< 2^ (Ej|f/,_ir'=)^ (Ejif/fc - E^f/,r^)^ (E^|f7,+ir^-)^ . 



fc=i 
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(b) We apply (a) to iV = 3 and m(s,X,) = k{s, Xs){Kf)-'^ M, to derive 

(E J |m(t, Xt) - E Jm(t, Xt) r) ^ 
< 2||A;|Ue^ll'=ll- (eJIM^ - M,r)^ 

+2 (E J Xi) - E J X^) ^ ^ e^H'^"- (E J |M* 1^) ^ 
+2||A;|U (Ejl(irf)-i -Ej(i^f)-r)ME5lA^*r)' 
for — = i + ^. We conclude by 

(Ej'-|A;(t,Xi)-EjA:(t,XOlO^ < 2 (Ej|A;(t,Xi) - 

< 2||VA;|U(Ej|Xi-X,|'^)^ 

< 2||VA;||ooc(6,a,/3)v/t^ 

and (EjKirf )-i - Ej(iff < 2|| A;||oo(t - r)e^ll'=ll-. □ 



Lemma 5. For < r < t < T and p G (1, oo) one has a.s. that 



(Ej|M,-M,|^')^ <cjT4j 



t — r 
T-t 



(Ej'-|MT-M,r)^ + (t-r)i|M,| 



where > 1 depends at most on {p, a, b, k) . 



(14) 



Proof. Let po := A„ := Js:^V?;(m, X„)a(M, X„) and < r < m < t. Then 
Lemma [3] implies that 



^ l|Q"l|ooC|fTOll.pn 



(T-M)-2(Ej"|Mr-M„ 



PO 



+ (T-n)(Ej"|MT|P"^™ 



^ l|o"llooC|[TOt 



PO 



(T - u)-2 2(^eJ"|Mt - M,|P« ™ 
+ (T-n)te"|Mr-M^ 



PO 



PO 



+ (T-n)|M,| 
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< Ikll^c, 



[2 + T2](T - m)-2 ( Ej"|Mr - M,|p» ) + (T - m)|M,| 



(T - tyi ( EJ"|Mt - M.l^'o ) + \Mr\ 



< lkl|ooCiT3,po[2 + T'^ + 



Letting c := e'^^^H"" ||tT||ooCjToii,p„ [2 + T2 + T] we conclude the proof by using 
the Burkholder-Davis-Gundy inequahties in order to get 



< E: 



f \ 2 

2. 



< C 



(T-t)-t I E 



Ej^'|AfT-Af, 



< c 



< c 



1 

f - r I / X JL \ p 

—'J^r I I /\ /r_ /\/r iPo > ''0 

r 



E^"-! sup E^"|Mt - 

«e[r,t] 



+Vt-r\Mr\ 
+ Vt-r\Mr\ 



(p/Po) - 1 



po t — r 



T-t 



Ej Ej*|Mr-M, 



PO 



PO 



+Vt-r\Mr\ 



< c 



p \po t — r 
P-Po) \lT-t 



(EJEJ'IMt - Mrfy + Vt^\Mr\ 



□ 



Lemma 6. For p G (l,oo) there is a constant = c{a,b,k,p) > such 
that one has a.s. that 



{E^^\g{XT)-lE^^g{XT)\y 



T — r 



(eJ|M*|p) 



(15) 
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The same estimate holds true if the measure (Q is replaced by the measure P 
with A G v4q((Q) and a G where the constant cjtsj > might addition- 

ally depend on Q (and therefore implicitly on a). 

Proof, (a) The statement for P for p G (l,oo) can be deduced from the 
statement for Q for g G (l,p) as in the first step of the proof of Lemma [31 

(b) Now we show the estimate for the measure Q. For 0<s<t<T, a 
fixed To G (0, T) and r G [0, To] we let 

v\s,x) := Eq {m{t,Xt)\Xs = x) and Vhir,x) := Eq (u(To, Xtq) = x) . 
Ito's formula applied to v gives for r G [0,To] that 

v{r,x) = Eq (^v{To,Xt,) + \kv){t,Xt)dt\Xr = x 
and therefore 



w(r, x) = ?;/i(r, x) + / v {r,x)dt. 

J r 

Using Lemma [H and the arguments from Remark [2](5) one can show for 
0<r<t<To<T that 

|Vt;*(r,x)| < 76^1"!'' and | W(r, x)| < ^^e^l"!"', (16) 

y/t-r 

where 7 > depends at most on {a,b, k, Kg, kg,To). From this we deduce 
that 

D'^v\r, x)dt 

where (fT6|) are used to interchange the integral and D^. For po '■= 
< r < t < T and s G [0, To) we again use Lemma [1] to get 

|W(r,X,,)| < -^(Ej|m(t,X,)-Ejm(t,X,)|^")^ a.s., 
[t r) 



\DW{s,X,)\ < 



^^^^ (Ej |t;(To,X^J -E5t;(To,Xrjn' a.s. 



From the first estimate we derive by Lemmas H] and [5] (with p replaced by 
Po) a.s. that 

\D'v\r,Xr)\ 
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< 



< 



< 



{E^^\m{t,Xt)-]S^^m{t,Xt)\''y 



{t - r) 
[t r) L 



1 



(eJ|M*|p)'' 



1 



PO 



and 



\D^v\r, Xr)\dt < c \VT-r {E^^\M*\p)^ + {E^^\Mt - Mrl^)^ 



with c := KpoC|Y3]| max{2 + 2c|2^, c|Y4|Beta(2, 2)}- The second estimate 
yields by Tq t T and ([5]) that 

|i^V(r,X.)| < (Ej- |^7(X^) - Ej^(X^)f)' 

and the upper bound is independent of Tq. Combining the estimates with 



using the arguments from Remark [2](5) the proof is complete. 



□ 



Lemma 7. Let A = S(Y), where Y is a BMO -martingale with Yq = 0. Then, 
forp G (1,00), t e [0,r] and egg := 26p(P)e^ll^ll°° ||cr||oo we have that 



||Mt-E^'Mt||l,(p) < CJT3 



T 



(17) 



Lp(P) 



Proof. Owing to inequality ([6]) and applying Proposition [3l we get 
||Mr-Ej*Mr|U,(p) < 2||Mt - |U^(p) 

Lp(P) 
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26p(P) 



T 



\K^Vv{s,X,)a{s,X,)\Ms 



Lp(P) 



□ 



Lemma 8. For p e [2,oo), Ay G ^^(Q) wzi/i a G < s < t < T and 

I = 1, ...,d we have that 



K^d,,vit,Xt)-Kfd,,v{s,X^ 



X; 



< C, 



T||Lp(P) 



Lp{P) 
t 



(18) 



with cjTHii > depending at most on (a, 6, /c,p, P) ('anfi therefore implicitly on 
a). 

Proof. Exploiting (fTTj) and Propositions |2] and [3] we get that 



< 



Lp(P) 



+ 



K. 



X 



- \{d,,A{r,Xr),D\r,Xr))\ + \{d,fi{r, Xr),Vv{r, Xy)\ 



+ \{d,,k){r,XrHr,Xr)\ 



dr 



Lp(P) 



\K^{Vd,^v){r,X,)a{r,Xr)\'dr 



Lj,(P) 



+ \\d.M\o 
+ \\d.MU 



\K^'D'v{r,Xr)\dr 



Lp(P) 



|J^,^Vt;(r,X,)Mr 



Lp(P) 



|ir,^t;(r,X,)|dr 



Lp(P) 
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Inequality directly yields 

SUP^^ ||^r''^(^,^r)||i^(p) = SUp^^ \\K^ ^4 L.iJP) ^ || Mt |U,(p) . 

Moreover, by Lemma [31 

||Vi;(r,X,)|U^(P) <ciTo}(T-r)-^(2 + T3/2)||Mr|U^(P). 
Inserting these estimates in the above upper bound for 



K^'d^,vit,Xt)-Kfd.,,vis,X, 



gives the announced result. □ 

Lemma 9 ([8^ Proposition A.4]). Let 0<9<1, 2<q<oo and d!^ : 
[0,T) — > [0, oo) , k = 0,1,2, be measurable functions. Assume that there are 
A> and D > 1 such that 

l(T-t)-^d\t) < d\t)<D(^j\d\s)fdsy , 

d\t) < A + D(^j\d\u)]^duy 

for k = 1,2 and t G [0,T). Then there is a constant c|jgj > 0, depending at 
most on {D, 6, g, T), such that, for k, I G {0, 1, 2}, 

A + % ((T - t)'^d\t)) A + % ((T - t)'^d'it)) . (19) 

4.2 Proof of Theorem [1] 

We let 

d\t) := Vr^+||Mr-E^'MT||MP), 
d\t) 

d\t) 

From Lemma [3] we get that 

d\t) = l + \\Vv{t,Xt)\\L,iW) 
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l + ||Vi;(t,X,)|L^(P), 

i + II^Mt,^.)IL^(P) 



< 1 + cjT3(T - t)--^\\MT - E^*Mt||l,(p) + c^{T - t)\\MT\\L,{w) 

< (T-t)-5[i + cjToj + cjTojr||MT|U,(P)] 

VT^t+\\MT-E^'MT\\L,iJP) 
= (T - [1 + C{T3 + cjTojr||Mr|U^(p)]rfO(t). 

From Lemma [6] we get that 



d\t) = l + \\Dhit,Xt 



Lp(P) 



< 1 + C, 



ITst 



^l|M*|U,(P) 



Using Remark [2t^5) we have that 



\\giXT)-E^^giXT)\\LAJP) 

< 2eM-^ [|l^iloo(3^ - t)\\MT\\L,m + ||Mt - E^'MrlU^(p)] . 

Together with the previous estimate we obtain a constant c > depending 
at most on {c^,k,T, \\M*\\l^(p)) such that 

d\t) < c{T-t)~H\t). 

From Lemma [7] we get that 

d%t) = v/T^+||A/r-]E^*MT||L,(P) 

< VT~t + c^(^j^ ||Vi;(s,X,)||i^(p)rfs 

T 

< [l + CG3](^ [l+\\Vv{s,XMLAJP)Yds 
= [l + c^][j\d\s)fds 

Finally, from Lemma [8] for s = we deduce that 

d\t) = l + \\Vv{t,Xt)\\L,iP) 



< 1 + e 



A; oo ^ 1 1 jy-^ 



\\KtWv{t,Xt)\\LAv) 
< l + ell'^ll-^||Ko^Vi;(0,Xo)|U,(p) 
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+e 



|^t||lp(p)2vT 



\DMr,Xr)\\%^^)dr 



< di + 



< di + d2{ / [d2(r)]2dr 



with 



di := 1 + e 



K^Vv{Q,X^)\\L,i^) + 2c^y/dT\\MT\\L,m 



d2 ■■= e"'^"""^cjT8j' 
Lemma in] combined with Remark [2](5) yields the statement. 



□ 
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